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Machine learning, model reduction and multiphysics simulations of
matter

The underlying physical laws necessary for the mathematical theory of a large part of physics and the
whole of chemistry are thus completely known, and the difficulty is only that the exact application of
these laws leads to equations much too complicated to be soluble. It therefore becomes desirable that
approximate practical methods of applying quantum mechanics should be developed, which can lead to
an explanation of the main features of complex atomic systems without too much computation.— [1]

Figure 1: A simplified classification of models used
in theoretical chemistry, showing in principle the
coarse–graining relationships between them.
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Quantum mechanics: the computationally intractable the-
ory of matter Quantum mechanics allows the properties of
matter to be predicted ab initio, i.e. axiomatically from first
principles without any empirical data. [2, 3] The extraordinary
insight afforded by Schrödinger’s equation, [4,5] together with
statistical mechanics, have made possible the theoretical dis-
ciplines of chemistry [6] and condensed matter physics. [7]
However, quantum mechanics has exponential complexity, in
that adding a new particle to the system makes the wavefunc-
tion exponentially harder to calculate, as every particle interacts
with every other particle nonlocally.1 Therefore, it is difficult to
apply quantum mechanics directly to macroscopic sized chunks
of matter with ∼ 1023 atoms without suitable approximations.

Traditional computational studies have focussed on devel-
oping approximations suitable for specific systems, as shown in
Figure 1. Despite the success of these methods, more sophisti-
cated methods are needed to study more complicated problems
in solution phase chemistry and into the realms of biology or

materials science. With coarse graining and multiphysics simulations, simulations of entire viruses [13], nanowires [14],
or mechanical deformation of materials [15] are now possible, thus pointing the way toward efficient simulations of
unprecedented size. Understanding how to construct this chain of approximations is crucial to develop new simu-
lations of large systems and verify their physical validity.

Figure 2: The multiscale physics and chemistry in
bulk heterojunction solar cells across length scales
ranging from the atomistic to the entire device; an
example of multiscale phenomena in real–world ap-
plications From Ref. [16].

This proposal addresses the simulation of matter across
multiple length scales using both bottom–up and top–down
approaches. First, the applicability of quantum–mechanical
simulations will be extended to much greater length scales than
is possible with a pure quantum mechanical treatment. There
is now a well–established tradition of chemical simulations
that employ a mix of quantum mechanics and classical em-
pirical potentials, such as the quantum mechanical/molecular
mechanical (QM/MM) method [17–19] and the “our own n-
layered integrated molecular orbital and molecular mechanics”
(ONIOM) [18] method. A reexamination of these methods
with a contemporary perspective on multiresolution and mul-
tiphysics simulations should provide new insights into the ex-
isting limitations of these methods and how they can be ame-
liorated. Second, top–down approaches can be reformulated
with the language and tools of random matrix theory, which will bring a fresh perspective to well–established physical
notions like emergent universality and renormalization.

1Electronic structure theory lies in the Quantum Merlin Arthur (QMA)–hard complexity class, a superset of NP–hard. [8–12]
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1 Multiscale quantum mechanical simulations of matter
Local scale ordering appears to be essential for high charge carrier mobility... There are no clear defining
length scale boundaries where one physical feature cannot occur.— [16]

The challenges of microscopic multiphysics simulations A multiphysics approach is necessary to simulate large
chunks of matter, since full quantum mechanics calculations are impractical. Furthermore, the multiphysics perspective
parallels the scientific understanding of natural phenomena across multiple length scales. For example, both chemists
and materials scientists are interested in condensed matter, but whereas chemists concern themselves primarily at the
level of individual atoms and molecules, materials scientists are in general more concerned with larger features such
as microscopic defects up to the continuum bulk. However, multiphysics simulations below the submicron scale
poses unique consistency challenges. First, bulk descriptors such as temperature fields and dielectric constants fail
to become well–defined at smaller length scales, and their thermodynamics must be consistent with the statistics and
microscopic granularity of individual atoms and molecules. Second, the classical Newtonian mechanics of continuum
length scales must be compatible with the underlying quantum mechanical behavior of atoms and electrons. This com-
plicates the matching of boundary conditions and inductive responses across multiple physical levels. [15] Creating a
successful multiphysics model for microscopic systems will entail a synthesis of physical ideas such as spatial renormal-
ization, self–similarity and emergent universality [20] together with modern multiresolution techniques for large scale
computations. [21]

Strategy 1. Exploit regularity of wavefunctions in multiresolution methods. One way to improve the quality of
multiphysics simulations is to speed up more accurate models, allowing them to be applied to larger systems. Ab ini-
tio theories, being the most expensive, have received much attention in this regard. First, the basis set of electronic
structure calculations can be improved; multiresolution techniques such as MADNESS [21] provide basis sets with
well–defined truncation errors. Second, electronic structure Hamiltonians can be replaced by low–rank approxima-
tions. For example, the cost of coupled cluster theory can be reduced dramatically with a reduced rank Hamiltonian
constructed using higher order singular value decompositions. [22, 23] However, this is an a posteriori reduction tech-
nique, in that the Hamiltonian must be constructed in part or fully before the simplification can be made. Reconciling
these computational studies with the analysis of the regularity properties of wavefunctions [24,25] may provide insight
into how approximate Hamiltonians can be constructed that are consistent with the approximate wavefunctions.

Figure 3: Potential energy surface of benzene dimer (black)
and benzene dimer cation (red) predicted using empirical fragment
charges, showing excellent fits to ab initio data (crosses) using the
same set of parameters for the neutral dimer and the cation. [26]

Strategy 2. Enforcing consistency across multiple physical
models using forcematching. For two physical models to be
mutually consistent, it is necessary that their predicted physical
quantities be as similar as possible. Theoretical chemists have
had success in developing fitting techniques based on reproduc-
ing energies and forces in thermodynamically accessible regions
of the potential energy surfaces. We have implemented and de-
veloped a semiautomatic parameterization tool to fit force fields
to higher–level ab initio data using such techniques. [27] Our
results, e.g. those in Figure 3, show that with such parameter-
ization, empirical potentials can provide comparable or even
better accuracy than more expensive methods such as density
functional theory, for a fraction of the computational cost. [26]
We expect that this computational tool can readily adapted to
the parameterization of the overlapping regions between two
arbitrary theoretical models. Iterating this process across all
the relevant physical models from the bottom up will allow us
to study the usefulness of force– and energy– matching tech-
niques for parameterizing multiscale simulations.
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Strategy 3. Algorithmic model selection for empirical potential development. For many applications in materials
science and molecular biology, force fields are currently the method of choice for providing a computationally tractable
atomistic model, which has stimulated much work on improving their accuracy. One way is to improve the quality of the
parameters, as discussed above. However, it is also important that the necessary terms to describe important physical
effects are present in the functional form of these phenomenological models. New force fields can be developed to model
such as polarization or charge transfer, [28–31] or even transitions between multiple electronic states. [26] Statistical
model selection can be used to address questions about the necessity of various terms. By running simulations with
different empirical potentials and comparing their predictions, tools such as algorithmic information criteria can help
determine if specific physical effects are necessary by considering both accuracy and parsimony in the models. [32–34]

2 Post–simulation analyses with model reduction techniques
Multiphysics simulations will enable the simulation of very large physical systems. However, it will be easy to generate
terabytes of raw trajectory data from saving the configuration of many atoms. How much data is enough? And how
can one extract physical and chemical insight from the data? Machine learning techniques proffer answers to these
questions in lieu of labor–intensive analysis using expert intuition, and can be valuable when such intuition is absent.
Furthermore, model reductions provided by machine learning can provide yet another bottom–up way to generate
multiphysics simulations. The focus in this section is on how model reductions can be performed using nonlinear
dimensionality reduction (NLDR) techniques to analyze simulation data from a detailed model with many degrees
of freedom, which provide the flexibility to construct accurate Hamiltonians but may also confound the scientific
interpretation of the results.

Figure 4: Applying diffusion maps to summarize ab
initio molecular dynamics simulation data, showing
(a) the identification of the important subspace of
molecular coordinates, (b) a projection of the molec-
ular trajectories onto the data manifold coordinates,
and (c) representative molecular snapshots collected
along a manifold coordinate. From Ref. [35]

Previous work: finding reaction coordinates using nonlinear
dimensionality reduction (NLDR) We have found feature
extraction using nonlinear dimensionality reduction (NLDR)
techniques such as diffusion maps to be useful for automatically
summarizing trajectory data from detailed ab initio molecu-
lar dynamics simulations. [35] The specific problem considered
was a barrierless relaxation of electronically excited molecules.
The processes are highly non–equilibrium, so the conventional
picture from transition state theory does not give a good de-
scription of the photochemistry. 2 With no manual inter-
vention, the algorithm found a single (reaction) coordinate on
the data manifold describing a fixed sequence of bond twists
and breaks, and furthermore classified the trajectories into two
types, taking only positive and negative values of the manifold
coordinate respectively.

Future work for model reduction Many questions remain
about the usefulness and limitations of NLDRs. Is there a
chemical interpretation of the quantitative value of the man-
ifold coordinate? How can we interpolate along the data man-
ifold to explore other regions of the potential energy surface?
And can we find the characteristic time scale(s) associated with
the reaction coordinate? Several concrete investigations can be
made:

1. The coarse–grained dynamical trajectories can be further analyzed by symbolic regression techniques [37,38] to
extract effective equations of motion along the reaction coordinate. These equations in turn can be analyzed to
identify any characteristic time scale(s) associated with the reduced dynamics, which cannot be identified using

2A reaction mechanism is equivalent to a one–dimensional mountain pass pathway in configuration space (superficially R3N ). [36]
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just diffusion maps. These methods may greatly improve our ability to calculate the rate of chemical reactions,
which are exponentially sensitive to the quality of the reaction coordinate that can be found, and also depend on
the curvature of the reaction coordinate in configuration space. [39]

2. The data manifold can be explored by splicing together short on–the–fly simulations using reverse integration.
[40,41] Combining similar techniques with global sampling methods such as Markov state models [42–44] may
allow us to extend the diffusion map analysis [45–47] to studying processes on much larger dynamical systems
such as proteins or spin glasses, which have rugged potential energy landscapes that are difficult to sample. These
may even be extensible to analyzing quantum dynamical data by considering quantum corrections to the classical
Markov networks. [48]

3. Other technicalities remain open for investigation. For example, molecular configurations can be represented
with many coordinate systems. How sensitive are NLDRs to the choice of coordinate system? What are appro-
priate distance metrics to judge the similarity of molecular configurations? How sensitive are the diffusion maps
to noise? And how universal are the diffusion maps across various systems, e.g. does the diffusion map for a
gas phase reaction look similar or different to that for the same reaction in solution with thousands of additional
solvent molecules in the simulation box? Experience from electron transfer reactions shows that the effect of the
solvent can usually be described with a single collective coordinate; [49] it would be interesting to verify if NLDR
methods agree with this expectation. Investigating these questions will reveal the extent to which chemical and
physical insight can be extracted using NLDR techniques.

3 Random matrix theory and statistical mechanics
In this section, we focus on how contemporary mathematics can improve the computational sampling of statistical
mechanical systems. In particular, random matrix theory offers new ways to construct quantum mechanical simulations
with intrinsic noise as well as suggest constructions to construct multiphysics models for disordered systems. Random
matrix theory may also aid in connecting bottom–up and top–down analyses by addressing the process of coarse graining
in a consistent framework.

Random matrix theory Random matrix theory has from its very beginning thrived and developed on the basis of
interdisciplinary collaboration. From its twin roots in multivariate statistics and theoretical physics, random matrix
theory has since been applied a wide variety of problems including transport in disordered media, financial portfolio
theory, and the traffic patterns of public transport in Mexico. [50] Random matrix theory also has a long history of
applications to physics, and has provided valuable insight into statistical fluctuations in disordered systems. [51, 52]
However, applying random matrix theory to more accurate Hamiltonians, such as those constructed in the previous
sections, requires new mathematical developments.

Figure 5: Cartoon of the computational procedure using ex-
plicit statistical sampling of microstates (black arrows), showing
how random matrix theory (red arrow) can allow us to circumvent
the additional cost of statistical sampling.
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The sampling problem The detailed Hamiltonians con-
structed in previous sections can be applied to systems with
disorder. However, the presence of noise greatly increases the
cost of the simulations. As these methods require well–defined
molecular structures, explicit samples consistent with the ther-
modynamic properties of the system must be generated before
electronic structure calculations can be performed. The desired
properties can then be recovered by ensemble averaging over all
the explicit samples. In contrast, random matrix theory could
help circumvent the cost of explicit sampling by working with
the randomness directly in the electronic Hamiltonian. By
considering the mapping between the random (matrix) Hamil-
tonian and the ensemble of corresponding wavefunctions, this
in principle will allow us to calculate the distribution of ex-
perimental observables directly without explicit sampling. This

Research Proposal Page 4 of 13



Jiahao Chen
Email jiahao@mit.edu
Telephone (617) 721-5631
Fax (617) 253-7030

Department of Chemistry
Massachusetts Institute of Technology
77 Massachusetts Avenue, Room 6–228
Cambridge, Massachusetts 02139-4301

section outlines some initial concrete steps toward developing
this into a feasible computational technique.

Strategy 1. More efficient numerical free convolutions We have previously shown that free probability can produce
very nice accurate approximations to problems in chemistry and condensed matter physics. If we can split the Hamil-
tonian matrix into the sum of two matrices H = A+B, and if Q is a uniform Haar random matrix, then A+Q

′
BQ

has density of states equal to the additive free convolution A� B. [53–55] However, calculating the free convolution
this way does not actually reduce the cost of the calculation, but in fact destroys any possible sparsity structure in H .
In contrast, we can calculate the free convolution using R–transforms, which is analogous to computing the (classical)
convolution of two random variables using the Fourier transform. [56] While the latter can be computed efficiently
using fast Fourier transforms, no such general purpose numerical method exists for computing the R–transform, de-
spite some initial efforts. Developing the “fast R–transform” will enable much more rapid calculations on random
matrices, as this substitutes the problem of diagonalizing random matrices with integral convolutions of two one–
dimensional probability distributions.

Strategy 2. Eigenvector information from free probability The calculation of experimental observables beyond
those of the density of states will require not just eigenvalues, but also eigenvectors. Much less is known about the
eigenvectors of random matrices [57–59] and so these calculations will require additional collaborative work with
mathematicians to develop the theory further.

Strategy 3. Universality and emergence The coarse graining of detailed models can be made more explicit by calcu-
lating their universality classes. [60] This provides an alternative way of determining the relationship between detailed
simulations and model Hamiltonians, namely to identify the results of detailed simulations with the universality classes
of well–studied simpler models.

4 Applications in chemistry and physics
Figure 6: Cartoon of a bulk heterojunction solar cell, showing
incident sunlight (yellow arrow), a layer of intermixed donor and
acceptor phases (blue and red), and charge separation at the in-
terface followed by charge migration. Reproduced from Fig. 1 of
Ref. [61].

This section explains how the mathematical techniques devel-
oped in previous sections can be applied to important problems
in nanoscale chemistry and physics. Many important materi-
als lack long–range order on the nanoscale and therefore have
rugged potential energy surfaces with multiple thermodynami-
cally accessible minima. [62–64] The intrinsic disorder in these
materials also give rise to new physical and chemical effects,
such as nonadiabatic phonon–assisted transitions, [65, 66] the
Staebler–Wronski effect (in hydrogenated amorphous silicon),
[67–69] dynamical localization, [70–72] anomalous diffusion,
[73–75] and ergodicity breaking. [76] This raises the possibility
of engineering new devices that exploit these phenomena. De-
tailed computer simulations can help reveal the underlying
molecular mechanisms of energy collection, transport and
storage in nanoscale systems.

4.1 Solar energy collection and transport in bulk
heterojunction organic semiconductors

“Local scale ordering appears to be essential for high charge carrier mobility... There are no clear defining
length scale boundaries where one physical feature cannot occur.” — Ref. [16]

Solar cells made with organic semiconductors have recently attracted interest as low–cost alternatives to conventional
crystalline silicon solar cells. [77] Unlike the latter, the former have complicated donor—acceptor interfaces that are
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not simple faces between ideal crystal surfaces. [16,78] This is particularly true of so–called bulk heterojunction devices,
where the donor and acceptor phases are intermixed on the nanoscale as shown in Figure 6. Since the interface is where
charge separation occurs, accurate knowledge of the shape and locationof interfaces is critical to understandinghow
photocurrent is generated. However, modeling phase boundaries and their associated phenomena such as surface
charges or band bending [79] pose enormous challenges for existing simulation techniques, as accurate calculations
require explicit sampling as illustrated in Figure 5. This motivates the application of new simulation methods herein.

Figure 7: Left: Cross–correlation between the (eigenvalue) den-
sity of states and the (eigenvector) delocalization lengths in metal–
free phthalocyanine, showing an asymmetric correlation between
the excitation energy and the corresponding localization of the
eigenstates, and in particular a blue–shifted subpopulation of lo-
calized states. Right: A similar plot from a three–dimensional An-
derson model. [80]
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Advances in random matrix theoretic and machine learn-
ing techniques automated will allow new computational stud-
ies that reconcile the best aspects of simple theoretical mod-
els and detailed atomistic simulations. We have already found
that traditional descriptions of disordered electrons are insuffi-
cient to describe the complicated band structure of excitons
in organic semiconductors. [80] These features cannot be re-
produced with simple Anderson models [54,70,81] and moti-
vates further development of new model Hamiltonians for ex-
citons in organic semiconductors. These models will allow for
accurate insights into disorder–induced physics arising from
nanoscale morphological features like phase boundaries, ma-
terial defects such as dislocations or grain boundaries, chemical
impurities, and thermal fluctuations, and their effects on the
electrical and optical properties of disordered materials.

4.2 Energy transfer in photosynthetic systems
“A high degree of order is clearly not essential for
transmitting excitation energy.” — Ref. [82]

The technologies that we will develop to study interfacial effects in disordered organic semiconductors can be adapted
readily to study the naturally occurring analogues of solar cells, i.e. the various photosynthetic systems that can be found
in living organisms. [83] Biologists have uncovered a staggering complexity of naturally occurring light harvesting and
energy transducing photosynthetic complexes, [83] which also show structural features spanning multiple length scales,
as shown in Figure 8. [82] Much controversy remains about how do these complexes work, and why they have such
complex structures with short–range orders over many length scales. [84–89]
Figure 8: Atomic force micrographs of photosynthetic membranes in
the purple bacterium Rhodobacter sphaeroides. Scale bar: 100 nm. (a) A
cluster of membrane patches. (b) Identifying two types of complexes of
size 12 nm (red arrows) and 7 nm (green arrows). (c) Matching these
complexes to atomic models of photosynthetic protein complexes (inset).
Reproduced from Fig. 1 of Ref. [82].

We expect that models with more accurate physics
will allow us to address these controversies definitively.
For example, these models can have more accurate
exciton—phonon interactions, [90–93] more accurate
pigment—pigment interactions, [94, 95] or polarization
effects. [96–98] Algorithmic model selection can help
determine which of these will turn out to be important
for accurate modeling of photosynthetic systems. This in
turn will allow studies of systems–level designs on greater
length scales, like the reason for the diverse shapes of
photosynthetic complexes [99, 100] and the interaction
between different photosynthetic protein complexes on
the membrane level.

4.3 Energy storage in nanostructured su-
percapacitors
Electricity often needs to be stored before use in devices

like capacitors. Capacitors have very high discharge rates and excellent cycle life, but their energy densities are too
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low for many applications. [102] However, so–called supercapacitors, a.k.a. ultracapacitors or electric double layer
capacitors, have thousands of times higher energy densities, [103–108] which opens up applications for energy storage
in micron–sized devices. [109, 110] In particular, nanostructured carbon-based electrodes are believed to hold the
greatest potential for improving supercapacitor technology, due to the relatively low cost and extensively characterized
surface chemistry. [104,108,111–113] However, themechanismfor energy storage in supercapacitors remainspoorly
understood.

Figure 9: (A) Plot of specific capacitance of the
(CH3CH2)4N+·BF−

4 /CH3CN electrolyte interacting with
a nanoporous carbon electrode. (B) Diagram of proposed solva-
tion structures for pore size exceeding 2 nm, (C) between 1 nm
and 2 nm, and (D) less than 1 nm. Reproduced from Fig. 3 of
Ref. [101].

Conventional capacitors store charge on metal surfaces sep-
arated by a bulk dielectric medium; this design dates back to the
first Leyden jars of the 1740s. In contrast, supercapacitors are
thought to store energy by charging up the electric double lay-
ers that form between phase boundaries. [103] For nanoscale
devices, however, deviations from bulk behavior occur. [101]
As shown in Figure 9, the capacitance became anomalously
large when the average pore size of the electrode fell below 1
nm, i.e. when the pores became too small to admit fully sol-
vated ions. [114] This cannot be explained by the electric dou-
ble layer mechanism of capacitance.

New empirical potentials models treating polarization and
charge transfer effects [28–31] will prove to be essential to treat
intermolecular charge transfer in large systems with many ions.
This will provide the necessary atomistic description of the ion
solvation and transport properties, and redox chemistry that
occur at the electrode surfaces. This will allow us to model the
electric double layer explicitly, [115] and we can then study
the belief that only the electric double layers which are pro-
duced at interfacial layers contribute to the charge storage in
supercapacitors. [103, 116] The simulations will also allow us
to study how the local chemistry will be affected by electrode
morphology, [117] and the role of surface states and possible impurities. [112] These dynamical simulations will al-
low us to understand the fundamental mechanisms for electrical energy storage on the nanoscale and provide insight
into how to create devices that harness anomalously high capacitances. [116]
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